The analysis of drought discharge is of utmost relevance in the design of water intake structures, management of water resources, and in coping with environmental issues. In this context, the master recession curve represents a tool in hydrological analysis, giving integrated information on long period drought flow rates. In this paper, a technique is developed for deriving a master recession curve directly from daily discharge series that takes into account the high variability in the behaviour of individual recession segments. The statistical framework developed allows us to explicitly represent uncertainty, and hence a novel interpretation of the master recession curve is derived. The method is successfully applied to three important Italian basins draining the southern slopes of the eastern Alps.
INTRODUCTION
Providing a reliable drought scenario can help decision makers to propose safeguard measures, improve the use of water resources, estimate environmental flow requirements, and treat those processes heavily dependent on the availability of water, according to water directives. In recent years, growing attention has been devoted to environmental issues related to conservation of river biotic communities as a limit to water usage. For instance, the EU Water Framework Directive: Integrated River Basin Management 2000/60 and the Italian law no. 183/1989 impose a minimum discharge to be maintained in rivers at intakes. To this extent, drought discharge analysis may prove a relevant topic in the design and management of water resources systems, providing a sound basis for correct reservoir management during droughts, which could mitigate damages induced by persistent dry periods (Smakhtin 2001) .
During dry weather, water storage in the catchment is removed by groundwater drainage and by evapotranspiration (Krakauer and Temimi 2011) . These processes proceed at different rates in time and space, and so are not readily quantified, and produce the gradual reduction of discharge, constituting the river drainage or recession rate.
A review of the origins and use of baseflow recession analysis, as produced by aquifer drainage after rainfall recharge, is reported in Hall (1968) , where analysis and application of conceptual models are discussed. Hall states that: (a) many difficulties of application originate in the mathematical assumptions and in the problem of interpreting actual stream hydrographs in the light of current knowledge about the nature of drainage basins; (b) statistical analysis could be adequate, in the case when an appropriate model can be developed and tested. Conceptual models were used by Brutsaert and Nieber (1977) , and applied to six basins in the Finger Lakes region (upstate New York, USA), in order to regionalize the results in terms of geomorphological parameters; they were able to forecast recession curves in ungauged basins. Boussineq's analysis proves best suited to parameterizing the observed hydrographs, showing that storage depletion is generally nonlinear. Recently, Mizumura (2001 Mizumura ( , 2005 used observed recession curves to test a comprehensive theoretical analysis of the mechanism of watershed response, converging to a unique master curve at increasing time. These works constitute a valid tool from a theoretical point of view, yet prove not to be immediately applicable for analysing real recessions. Especially in humid climates, rainfalls frequently interrupt the recession period. As a result, recession characteristics cannot be derived from a single event, but must be derived from a series of recession segments of varying duration. These segments represent short-term individual events and may differ from successive recessions on account of variations in storage, evaporative loss, recharge rate, etc.; however, they can be arranged to produce a single recession curve over a wider flow range, synthesizing the discharge-storage relationship. Such a curve, called the master recession curve (MRC in the following), is the envelope of various individual recession curves (Sujono et al. 2004) , providing an average characterization of baseflow response (Nathan and McMahon 1990) .
Even if conceptual models are useful to represent separate recession segments, a question arises in the overlapping of single segments to form a set of common lines, constituting the MRC. To this extent, Nathan and McMahon (1990) , while analysing several hydrograph separation methods, present a survey on the efficiency of techniques for construction of MRCs, based on correlation processes, smoothing techniques, the matching strip technique or digital filters. Efficiency is computed by fitting data from 186 catchments located in southeastern Australia.
From their analysis, the determination of the MRC using the matching strip method is approximately one order of magnitude more accurate than the correlation method. The accuracy of the method is unaffected by the range of recession encountered, with an accuracy that, for a midrange recession constant, corresponds to a half-flow period error of only +1.5/-0.5 days.
A review of baseflow recession analyses is presented by Tallaksen (1995) , who emphasizes that the recession curve contains the integrated information of how different factors influence the outflow process. Individual recession segments show high variability in behaviour depending on groundwater recharge features, rainfall spatial distribution, channel storage, aquifer hydrogeological characteristics and climatic conditions. When using a MRC, information on recession variability is lost due to the averaging process. In temperate regions, during dry weather periods, short duration rainfall events can happen that produce short-term variations in discharge, with negligible effects in groundwater storage, but with some interference in the flow, causing further difficulties when using single segments to derive a MRC.
It seems that a more appropriate analysis could be obtained by releasing the deterministic constraint and by analysing the structure of the recession curve in a stochastic framework. Such an approach allows one to overcome difficulties encountered in the deterministic linear and nonlinear reservoir approximations (Wittenberg 1994 (Wittenberg , 1999 and can implement the random structure of the hydrological system, e.g. produced by timespace variations in rainfall, recharge, evaporation, etc. (Aksoy et al. 2001) . Therefore, this study aims to develop a stochastic approach able to represent the overall recession curve of the hydrograph, suitable for Alpine rivers, tributary to the Mediterranean Sea. Three alpine rivers in northeastern Italy were considered: the Isonzo, Tagliamento and Brenta rivers.
The paper is organized as follows: firstly recession hydrographs are analysed in a deterministic context, in order to define the relevant quantities useful to describing the process; then, a stochastic analysis is presented with the aim of quantifying the uncertainty in the definition of a MRC. Evidence of the applicability of the proposed method as a support to improve forecasting procedures is provided, giving an interpretation of the MRC in a stochastic framework that overcomes the limits of the classic approaches.
RECESSION ANALYSIS
Hydrograph recession is investigated by storagedischarge relationships that are dependent upon the assumptions used to represent the recession process. Moore (1997) , Wittenberg (1994 Wittenberg ( , 1999 and Chapman (1999) , among others, proposed several recession equations in both linear and nonlinear forms. In engineering practice, however, nonlinearity in the recession process can be described using, section-wise, the single linear reservoir equation (Wittenberg 1994, Aksoy and Wittenberg 2011) . The smoothed minima method and its revised version (Piggott et al. 2005 , Aksoy et al. 2008 , 2009 ) have been widely used in separating baseflow. Although the exponential function of the recession is quite an old method, this function is still widely used and can be written in the following form (e.g. Nathan and McMahon 1990, Tallaksen 1995) :
where Q t is the discharge at time t, Q 0 is the initial discharge and τ is a recession time scale, i.e. the mean residence time of the groundwater system, defined as the ratio of storage to flow; in some cases it is substituted by the recession constant, k = 1/τ . The recession curve of a typical hydrograph has a gradually decreasing slope, i.e. τ gradually increases; this phenomenon occurs due to the fact that recessions combine sources with different depletion scales, the fastest being depleted first. Therefore, recessions show a general nonlinear behaviour that, via a first-order Taylor expansion, can be approximated with a sequence of segments following equation (1). The transition from one segment to the next is mostly gradual, so that, in practice, even using semi-log graphs, it may be difficult to select the points of change in the slope as well as the slope itself; this is also due to approximations in hydrological records, needing filtering of rough data. To this purpose, the following procedure is suggested herein, in order to define the recession time scale τ from the observed hydrographs.
The hydrograph recession limb is subdivided into parts separated by equally-spaced discharge thresholds, beginning at a suitable upper discharge and ending whenever an up-crossing event occurs (Fig. 1) . The discharge interval, , between two neighbouring thresholds, defining a discharge class, must be chosen sufficiently small in order to fulfil the linear Taylor expansion, but larger than measurement errors.
The main features of the rivers under examination (Isonzo, Tagliamento and Brenta rivers, in order from east to west) are reported in Table 1 . Daily discharge data were collected from official reports issued by national and regional services. All the basins are in an Alpine environment, with a cover mainly of forest and grasslands; to a lesser extent, ridges present barren soils. With reference to the available data set, these rivers were subject to only minor upstream controls, not affecting sensibly the low flow discharge rates. In relation to this data set, the measurement error was evaluated as of the order of 1 m 3 /s and a discharge interval of 2 m 3 /s was chosen, as shown in Fig. 1 . 1923-1943 1952-1975 2004-2006 1923-1953 The recession limb is thus described by a sequence of successive down-crossing events, separated by inter-arrival time gaps, T, until a new rising limb is encountered that is clearly detected by an up-crossing event. Thus, it may happen that modest upward oscillations in the recession curve, possibly attributable to measurement approximations, do not interrupt the recession itself, as long as these oscillations stay within the same discharge class. The inter-arrival time, T, between two successive downcrossings of thresholds Q and Q -can be derived directly from hydrograph series (Fig. 1) , forming a preliminary data set (Q, T).
The cumulative streamflow volume, V that is discharged at the basin outlet is computed from the beginning of the recession, for each subsequent threshold discharge, according to the recursive formula:
using the (Q, T) data set. By plotting (Fig. 2 ) the volumes obtained by equation (2) as a function of discharge (symbols), local straight lines are observedevidence of a linear relationship between volumes and discharge. This linearity implies constancy in the recession time scale, τ ; in fact, by integration of equation (1) between two generic times t 1 and t 2 (t 1 < t 2 ), when discharge is Q 1 and Q 2 , respectively, the increment in cumulative discharged streamflow volume V is:
whose slope defines locally the constant time scale τ , as shown in Fig. 2 (straight segments). According to equation (3), the straight segments that fit the observed (Q, V ) points obtained via equation (2) provide estimates of the time scales τ that approximate locally the depletion curve (Fig. 2 ). Application to data shows that, in most cases, straight segments exceed a single discharge class, so that τ can be assumed as a constant over rather larger discharge intervals. This fact confirms the suitability of the choice made for the discharge interval , that filters discharge oscillations due to data approximations without any bias in the overall recession behaviour. From Fig. 2 , one can note that this procedure acts as a filter of the rough data, which corresponds to fitting a mean discharge curve, as defined in Tallaksen (1995) and Bako and Hunt (1988) .
Data analysis highlights that τ values for the same discharge class are different for each event and by important variations. Moreover, changes in τ happen at different discharge rates for different recession hydrographs (Fig. 2) . Both these observations support evidence of a stochastic nature for the recession process, as described in the literature (e.g. Tallaksen 1995 , Kottegoda et al. 2000 , Krakauer and Temimi 2011 .
The analysis of inter-arrival times allows the derivation of a deterministic MRC in a rather simple and automatic way. For the ith discharge class, the maximum value τ i is found, leading to the interarrival time T i via the following equation:
which gives the maximum persistence time in the class between Q i and Q i -. Hence, the MRC is built by summation of these persistence times for each class, starting from time t 0 where the upper limit of the highest class Q 0 is known. The successive points in the MRC, (t i , Q i ), for i = 1, 2, ... are given by:
Results are presented in Fig. 3 of the application of this approach to the three main northeastern Italian rivers. The curve obtained from application of equation (5) overlaps the one obtained as an envelope of the individual recessions by the matching strip method, but without any subjective judgment on the match of single recessions (Sujono et al. 2004) . From Fig. 3 , one can note that the single observed recessions can be correctly superimposed onto the computed MRC, which quantitatively incorporates the high variability encountered in the recession behaviour of individual segments.
STOCHASTIC APPROACH
The proposed method for deriving a MRC demonstrates the dependency of the resulting curve on the available recession sample. Thus, a reasonable question arises as to whether a different curve would be obtained when new recession data become available. In this context, the maximum τ value that was used in the deterministic approach to build a MRC should be substituted by a value associated with an appropriate probability level of occurrence. This fact is highlighted by Kottegoda et al. (2000) , who point out that a search for the true structure of hydrograph recessions is not straightforward, which indicates the stochastic nature of the processes involved, being partly but not exhaustively explained by seasonal variations in evapotranspiration. In fact, the high variability arises from various physical factors, such as rainfall spatial distribution, antecedent rainfall, soil water infiltration capacity, recharge, and so on.
For the purpose of analysing this variability, the down-crossing inter-arrival times, as derived from single recession curves, are viewed as random variables. Therefore, for every discharge class, the local recession time scale τ is also assumed as a random variable, characterized by a probability distribution to be defined by a statistical data analysis. With reference to the rivers investigated herein, the exponential distribution appears to be a good candidate to describe the randomness in τ , as seen in Fig. 4 , in application to the Tagliamento River. Moreover, the exponential distribution is used in the analysis of residence times of several physical processes and, particularly, in surface hydrology (e.g. Gupta et al. 1980) . However, any parent distribution can be adopted without loss of generality in the conceptual procedure.
Given a two-parameter exponential cumulative distribution function (cdf) of τ for every discharge class:
an estimate of the distribution parameters (scale parameter, α and minimum value, t 0 ) can be achieved by the method of moments, according to:
whereτ is the average value of τ and σ (τ ) is its standard deviation. For all recession events, the value of τ for each discharge class is evaluated according to the procedure shown in Fig. 2 (equations (2) and (3)). By collecting the τ values for every discharge class, a sample is gathered leading to the estimate of the statistical momentsτ and σ (τ ).
In Fig. 5 , the observed statistics (average, standard deviation and minimum value) of τ are reported as a function of discharge for the Tagliamento River, showing a rather regular pattern that can be adequately fitted (in the present case, via linear least squares on logarithms) by power functions: The estimated values of a, b, c and d are reported in Table 2 for all the rivers shown in Table 1 , and can be used to derive the distribution parameters in equation (7) as a function of discharge, in the range of the observed discharge rates, roughly from 10 to 100 m 3 /s. Figure 5 also reports the behaviour of t 0 as computed from equation (7), in comparison with (8). the observed minima, showing a sufficiently good agreement. The existence of this minimum value is assured by the storage balance equation. Equation (6) can furnish the value of τ corresponding to a given probability level P for each class, as:
where the cdf parameters t 0 and α can be regarded as known functions of discharge, obtained by combining equations (7) and (8).
The sample-based procedure adopted in Section 2 for deriving a MRC must be interpreted in terms of the present stochastic approach. Instead of a maximum value from a sample, the population analogue is represented by an extreme value of assigned probability level. Keeping in mind that a MRC is built by collecting recession segments belonging to different-hence mutually independent-events, equation (9) can be applied to each class separately, assuming the same P value. According to this scheme, from a daily discharge Q t , given at time t = 0, a MRC of assigned probability P is obtained at one-day time steps, by the recursive procedure described by the relationship:
where Q t+1 is the mean discharge in the successive day and τ (d), depending on discharge, is obtained via equation (9). From a statistical point of view, the MRC can be defined as a collection of equally probable drought discharge rates. To this extent, the deterministic concept of a MRC must be revised. Although some physical relationship between discharge and storage exists, the variability in initial and boundary conditions (e.g. Kottegoda et al. 2000) makes its search unrealistic in terms of a unique deterministic function, as proposed in the literature and highlighted in the reviews by Hall (1968) and Tallaksen (1995) . The results, as shown with dashed lines in Fig. 3 , were obtained with a probability level P equal to 0.96, compatible with the number of the recessions available in the observation period. The deterministic methods, both with the matching strip method and the deterministic approach proposed here, provide a broken gradient line, while the present stochastic approach shows a more smoothed pattern in gradient, as expected considering that the deterministic approach is sample-dependent, while the stochastic approach tries to estimate the population behaviour. A more smoothed MRC complies better with continuity, as expected from a physical system, approaching, e.g. Boussineq's analysis, best suited to parameterize the observed hydrographs, showing that storage depletion is generally nonlinear (Brutsaert and Nieber 1977) .
However, the stochastic MRC cannot be interpreted completely by a single Boussinesq curve, as done by Wittenberg (1994 Wittenberg ( , 1999 . From the physical point of view, in large basins, the recession process depends on exhaustion of a multiple reservoir system, each one having different characteristics, initial storage and with asynchronous behaviour.
Assignment of a probability level, for a MRC to be defined, poses a question on the choice of this parameter. In order to highlight the problem, in Fig. 6 , a set of MRCs is presented, for the Tagliamento River, as obtained by use of equations (9) and (10), changing the probability level. From Fig. 6 , the varying initial discharge gradient dQ/dt = Q/τ depends, according to equation (10), on the probability level being assigned. In particular, the curve having a probability level of P = 0 (equation (9)) indicates the minimum time lag possible. From a physical point of view, it indicates the minimum storage in the catchment corresponding to the given initial discharge.
In contrast, for P = 1, τ → ∞ so that the discharge remains constant; this is the case of a storage tending to infinity. It is manifest that a physical bound must exist for the storage volume; this limit, as in other cases in statistics where an upper limit is unknown, cannot be retrieved by the statistical analysis itself. For instance, when treating the pulsating pressures under a hydraulic jump (e.g. Toso and Bowers 1988, Armenio et al., 2000) , where a physical limit exists due to the finite energy level being supplied, the statistics are unbounded anyway. As a consequence, a proper upper limit can be defined only in relation to a feasible probability level. In order to evaluate the sensitivity of the MRC when varying the probability level P, Fig. 6 reports the MRC at P = 0.96, pertaining to the observed samples (Fig. 3) , and the curves obtained varying P by ±0.01. From Fig. 6 , the change in the MRC appears quite ineffective in the choice of the level P that, at first approximation, on a sample of N recessions, can be assumed as 1 -1/N, to approach the deterministic MRC. In the same figure, the median curve is also reported, which indicates a central tendency for observed recessions, and the curve at P = 0.99, relative to a sample dimension of 100 events that can be considered as an upper bound in hydrological series analysis.
A further use of this approach consists in defining the degree of occurrence of an actual recession, based on the assessment of actual discharge Q and of its gradient dQ/dt, whence the parameter P in equation (9) can be computed. Evidence of the need for a further parameter, to treat the scatter when plotting dQ/dt versus Q, is shown in Krakauer and Temimi (2011) , in the presentation of data of Ringwood Creek, New Jersey, USA.
The same variables, Q and dQ/dt, were used by Štravs and Brilly (2007) , who employed, in a deterministic context, an exponential decay response function to forecast discharge in the next 7 days. The value of the recession constant is estimated on clusters, depending on both discharge and discharge gradient at the beginning of forecasting. Both clusters and recession constants were estimated by use of a "M5 Machine Learning" adaptive model. The approach proposed here gives a rationale to the work by Štravs and Brilly (2007) , which might be improved by including a continuous variation of the recession constant, instead of a step-wise variation typical of the cluster analysis that leads to rough estimations in forecasts.
From Fig. 6 , an indication of the discharges that can be expected at a fixed delay time T, conditional to a given initial discharge Q 0 , can be derived. This is done in Fig. 7 by plotting the probability level P on the discharge Q that is obtained along the MRC of level P at a time distance T from Q 0 . The figure shows that, at increasing delay time, the variability in the expected discharge following a MRC with an assigned probability level P tends to decrease.
Starting at a given initial discharge, Figs 6 and 7 show a comprehensive stochastic analysis of the MRC concept. Figure 6 shows the discharge behaviour in time, while Fig. 7 gives the range of expected discharge at a fixed waiting time, given a probability level for the MRC. In this way, an exhaustive indication of the overall approximations, embedded in the deterministic approach to MRC analysis, can be evaluated.
CONCLUSION
The paper analyses the process of building a MRC from available recession hydrographs. The proposed method uses the rough hydrographs directly, without the need for censoring or adjustments, and furnishes a sample-based MRC. Starting from this analysis, a stochastic development is presented, in order to treat the uncertainty due to the variability in individual recession features, measurement errors and data sampling. As a result of this analysis, a novel concept of MRC is derived, as a collection of equally probable drought discharge rates, thus underlining the limits embedded in a deterministic approach based on the storage-discharge relationship. A definition of the degree of error is given and a more robust MRC is obtained, taking directly into account the sources of variability in the physical process of drought flow production. Hence, a rational explanation is provided to the scatter observed in the relationship between discharge and discharge gradient. The proposed approach can also be used as a classification criterion for actual recessions, which can help in producing more robust forecasts according to known procedures in the literature. The criterion described here is suitable for improving the allocation of water resources in the context of environmental issues.
